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Abstract
We computeK-theory of noncommutative Bieberbach manifolds, which
quotients of a three-dimensional noncommutative torus by a free action of a
cyclic group ZN , N = 2, 3, 4, 6.
1 Introduction
Bieberbach manifolds are compact manifolds, which are quotients of the Eu-
clidean space by a free, properly discontinuous and isometric action of a discrete
group. The classification of all Bieberbach manifolds is a complex problem in
itself (see [12] and the references therein). The first nontrivial low-dimensional
examples appear in dimension three and have been already described in the semi-
nal works of Biebierbach [1, 2].
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In the paper we work with the C∗ algebras of continuous functions on the
three-torus and the corresponding noncommutative deformation C(T3θ).
1.1 Three-dimensional Bieberbach Manifolds
In this section we shall briefly recall the description of three-dimensional Bieber-
bach manifolds as quotients of the three-dimensional tori by the action of a finite
discrete group. We use the algebraic language, taking the algebra of the poly-
nomial functions on the three-torus T3 generated by three mutually commuting
unitaries U, V,W . This algebra could be then completed first to the algebra of
smooth functions on the torus C∞(T3) and later to a C∗-algebra of continuous
functions C(T3).
There are, in total, 10 different Bieberbach three-dimensional manifolds, six
orientable (including the three-torus itself) and four nonorientable ones. This fol-
lows directly from the classification of Bieberbach groups of R3 out of which six
do not change orientation and four change the orientation. The action of the finite
groups on the unitaries U, V,W , which generate the algebra of continuous func-
tions on the three-torus is presented in the table below and comes directly from the
action of Bieberbach groups on R3. The above actions give rise to five oriented
name group G generators of G action of G on U, V,W
B2 Z2 e e . U = −U , e . V = V ∗, e . W = W ∗
B3 Z3 e e . U = e
2
3
piiU , e . V = W ∗, e . W = W ∗V
B4 Z4 e e . U = iU , e . V = W , e . W = V ∗
B5 Z2 × Z2 e1, e2 e1 . U = −U , e1 . V = V ∗, e1 . W = W ∗
e2 . U = U
∗, e2 . V = −V , e2 . W = −W ∗
B6 Z6 e e . U = e
1
3
piiU , e . V = W , e . W = WV ∗
Table 1: Orientable actions of finite groups on three-torus
flat three-manifolds different from the torus. The remaining four nonorientable
quotients, originate from the following actions:
For full details and classifications of all free actions of finite groups on three-
torus see [9, 10], note, however, that the resulting quotient manifolds are always
one of the above Bieberbach manifolds. It is easy to see that N1 is just the Carte-
sian product of S1 with the Klein bottle, whereas N3 and N4 are two distinct Z2
quotients of B2.
2
name group G generators of G action of G on U, V,W ,
N1 Z2 e e . U = −U , e . V = V , e . W = W ∗
N2 Z2 e e . U = −U , e . V = VW , e1 . W = W ∗
N3 Z2 × Z2 e1, e2 e1 . U = −U , e1 . V = V ∗, e1 . W = W ∗
e2 . U = U , e2 . V = −V , e2 . W = W ∗
N4 Z2 × Z2 e1, e2 e1 . U = −U , e1 . V = V ∗, e1 . W = W ∗
e2 . U = U , e2 . V = −V , e2 . W = −W ∗
Table 2: Nonorientable action of finite groups on three-torus
2 Noncommutative Bieberbach manifolds
Since a convenient description of Bieberbach manifolds is as quotients of three-
torus by action of finite groups we can ask whether starting from a noncommuta-
tive three-dimensional torus we can obtain interesting examples of nontrivial flat
noncommutative manifolds. The most general noncommutative three-torus can be
realized as a twisted group algebra C∗(Z3, ωθ) with the cocycle over Z3:
ωθ(~m,~n) = e
pii
∑3
j,k=1 θjkmjnk , ~m,~n ∈ Z3,
where θjk is a real antisymmetric matrix (0≤θjk < 1). Taking the canonical
basis of Z3, ~e1, ~e2, ~e3, we can identify U, V,W with δ~e1 , δ~e2 , δ~e2 in the convolution
algebra C∗(Z3). We denote the product in the twisted convolution algebra by ∗ω,
and on the generators we have
δ~ei ∗ωθ δ~ej = ωθ(~ei, ~ej)δ~eiδ~ej .
Next, we shall find all possible values of the matrix θjk such that the actions
of the finite group G (as discussed earlier) are compatible with the cocycle. As
the action of G is not an action on Z3 then the cocycle cannot be in fact invariant.
However, we might define the compatibility with the action of G in the following
way. We say that the action of the finite group G is compatible with the cocycle
ωθ if:
g . (a ∗ωθ b) = (g . a) ∗ωθ (g . b), ∀a, b ∈ C∗(Z3), g ∈ G.
We have:
Lemma 2.1. The cocycle ωθ is compatible with the actions of group G, given in
the tables 1 and 2 if 0 ≤ θjk < 1 are as follows:
3
group G θ12 θ13 θ23 conditions
Z2 k2
l
2
θ k, l = 0, 1,
Z3 k3
3−k
3
θ k = 0, 1, 2,
Z4 k2
k
2
θ k = 0, 1,
Z2 × Z2 k2 l2 m2 k, l,m = 0, 1
Z6 k3
3−k
3
θ k = 0, 1, 2,
Table 3: Values of θjk for compatible cocycles for orientable actions
group G θ12 θ13 θ23 conditions
Z2 θ k2
l
2
k, l = 0, 1,
Z2 θ k2
l
2
k, l = 0, 1
Z2 × Z2 k2 l2 m2 k, l,m = 0, 1
Z2 × Z2 k2 l2 m2 k, l,m = 0, 1
Table 4: Values of θjk for compatible cocycles for nonorientable actions
As we are interested in the genuine noncommutative case, where the three-
dimensional torus has at least one irrational rotation subalgebra (that is, at least
one of the independent entries of the matrix θjk is irrational), we see that we
might obtain only 4 nontrivial orientable noncommutative Bieberbach manifolds
and two nonorientable ones.
Definition 2.2. Let C(T3θ), be a twisted group algebra over Z3 corresponding to
a cocycle obtained from θ12 = θ21 = 0 and θ23 = −θ for an irrational 0 < θ < 1.
Then the generating unitaries U, V,W satisfy relations:
UV = V U, UW = WU, WV = e2piiθVW.
We define the algebras of noncommutative Bieberbach manifolds as the fixed
point algebras of the following actions of finite groups G on C(T3θ) (note that
for N1θ and N1θ we need to relabel the generators: {U, V,W} → {W,U, V } so
that always the V and W are from the irrational rotation subalgebra), which are
combine in the table 5. For convenience and to match the notation of other papers
we rescaled the generators V,W in the case of Z3 and Z6 actions, also, for Z3 we
take the other generator of the Z3 action.
Proposition 2.3. The actions of the cyclic groups ZN , N = 2, 3, 4, 6 on the non-
commutative three-torus, as given in the table 5 is free.
4
name group ZN eN = id action of ZN on U, V,W
B2θ Z2 e e . U = −U , e . V = V ∗, e . W = W ∗,
B3θ Z3 e e . U = e
2
3
piiU , e . V = e−piiθV ∗W , e . W = V ∗,
B4θ Z4 e e . U = iU , e . V = W , e . W = V ∗,
B6θ Z6 e e . U = e
1
3
piiU , e . V = W , e . W = e−piiθV ∗W ,
N1θ Z2 e e . U = U∗, e . V = −V , e . W = W ,
N2θ Z2 e e . U = U∗, e . V = −V , e . W = WU∗,
Table 5: The action of finite cyclic groups on C(T 3θ )
Proof. Let us recall that that the freeness of a coaction of a Hopf algebra H on
a C∗-algebra A means (for a right coaction) that the spans of (a ⊗ id)∆(b) and
∆(b)(a⊗ id), a, b ∈ A are dense in A⊗H for a minimal tensor product.
In our case, the freeness of the action is easy to verify. In the B2,B3,B4,B6
case the coaction of the dual Hopf algebra to the group algebra ZN is simply:
∆U = U ⊗ e˜, where e˜ is the generator of C(ZN). Since U (and its powers)
are invertible, it is evident that (a ⊗ id)∆(Un) and ∆(Un)(a ⊗ id) are dense in
A ⊗ C(ZN). In the N1θ,N2θ case the same argument applies when we take V
instead.
The purpose of this paper is to compute K-theory of noncommutative Bieber-
bach algebras B2θ,B3θ,B4θ,B6θ.
3 K-theory for Noncommutative Bieberbach mani-
folds
We present here the computation of the K-theory groups from the Bieberbach
manifolds obtained first by the action of the cyclic group ZN , N = 2, 3, 4, 6,
leaving the Z2 × Z2 case aside for future considerations.
As in our case the action of cyclic group fulfills the assumptions of Takai du-
ality [7, 13] the fixed point algebra is Morita equivalent to the crossed product
algebra C(T3θ)oZN , N = 2, 3, 4, 6. In fact, it is easy to show an explicit isomor-
phism between C(T 3θ )
Zn⊗MN(C) and C(T3θ) o ZN , which we present explicitly.
Lemma 3.1. Consider the action of a finite group ZN on C(T3θ) determined by
the action of the generator p:
p . U = λU, p . V = α(V ), p . W = α(W ),
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where U is central, λ = e
2pii
N and α is an automorphism of the rotation algebra
over generators V andW (with θ not necessarily irrational). The crossed product
algebra C(T3θ) o ZN is generated by U, V,W and p with relations:
pU = λUp, pV = α(V )p, pW = α(W )p, pN = 1.
is then canonically isomorphic to C(T 3θ )
Zn ⊗MN(C).
Proof. Consider an element pˆ in the crossed product algebra:
pˆ = U +
(
1
N
N∑
k=1
pk
)(
U1−N − U) . (1)
It is easy to verify that:
pˆN = 1, ppˆ = λpˆp,
so p and pˆ generate the matrix algebra MN(C). Since U is central both p and pˆ
commute with any element of the fixed point subalgebra C(T3θ)Zn .
We shall demonstrate now the isomorphism from the lemma, which we shall
denote by Ψ. First, the relation (1) could be inverted, yielding:
Ψ(U) = pˆ+
(
1
N
N∑
k=1
pk
)
pˆ
(
UN − 1) .
Since UN is an invariant element of the algebra then Ψ(U) is clearly inC(T3θ)ZN⊗
MN(C). Take now arbitrary x ∈ C(T 3θ ). It is easy to see that x could be uniquely
decomposed as a sum of elements homogeneous with respect to the action of ZN :
x =
N−1∑
k=0
xk, p . xk = λ
kxk.
Indeed, it is sufficient to take:
xk =
1
N
N−1∑
j=0
λ¯kj(pj . x), k = 0, . . . , N − 1.
Then if we define:
Ψ(x) =
N−1∑
k=0
(xkU
−k)Ψ(Uk),
then the range of Ψ is clearly in C(T3θ)ZN ⊗MN(C), since each of the elements
xkU
−k is invariant and in the fixed point algebra. The verification that Ψ is an
algebra morphism and is an isomorphism is left to the reader.
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Note that the isomorphism Ψ which provides the Morita equivalence in our
case does not depend on the value of the parameter θ, hence for the Bieber-
bach manifolds (commutative and noncommutative) their K-Theory groups are
the same as the K-theory groups of the crossed product algebras.
A technical tool for the computations is the following lemma.
Lemma 3.2. Let A be a C∗-algebra, β its automorphism and let α denote an
action of ZN on A oβ Z, such that the restriction of the action on CZ is by
multiplication by a root of unity, λN = 1 on its generator. Then the algebra
(A oβ Z) oα ZN is isomorphic to (A oα ZN) oβˆ Z, where βˆ is the action of Z,
which is β on A and multiplication by a λ¯ on ZN .
Proof. With the notation above, let us denote by U the generator of Z and by e
the generator of ZN . We have:
U . a = β(a), e . a = α(a), e . U = λU.
The action βˆ is defined as follows:
βˆ(a) = β(a), ∀a ∈ A, βˆ(e) = λe. (2)
It is easy to see that both crossed product algebras are isomorphic to each other as
the defining relations are identical.
Applying this to the case of the T 3θ and cross product by the action of ZN
(N=2,3,4,6) we have:
Corollary 3.3. The algebra of the noncommutative three-torusC(T 3θ ) is a crossed
product C(T 2θ ) o Z. For N = 2, 3, 4, 6 the action α of ZN on it is by multipli-
cation on the generator of Z and leaves the algebra C(T 2θ ) invariant. This action
comes, in fact, from the SL(2,Z) group of automorphisms of T 2θ . Therefore by the
lemma 3.2 we have for N = 2, 3, 4, 6 the following isomorphism:
C(T 3θ )oα ZN ∼ (C(T 2θ )oα ZN)oβˆ Z, (3)
where βˆ(a) = a,∀a ∈ C(T2θ) and βˆ(e) = λ¯e, for e ∈ CZn (generator of ZN ).
Remark 3.4. The crossed product algebras of the noncommutative torus by the
cyclic subgroups of SL(2,Z) have been studied intensely as symmetric noncom-
mutative tori and noncommutative spheres [6]. Although classically they corre-
spond to orbifolds rather than to manifolds, we can nevertheless view the non-
commutative Bieberbach algebras as circle bundles over some noncommutative
spheres.
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3.1 K-theory groups from Pimsner-Voiculescu
Using (3) we can use the Pimsner-Voiculescu exact sequence provided that we
know the K-theory groups of the corresponding crossed product of noncommu-
tative torus by the actions of the respective cyclic group ZN and the exact form
of the action of Z on the generators of these K-theory groups. Although we shall
proceed case by case the methods are basically identical: we first determine the
generators of K-theory groups for the algebras C(T 2θ ) o ZN , N = 2, 3, 4, 6and
the explicit action of the βˆ automorphisms on them.
The basic tool is the existence of traces on the dense subalgebra of the crossed
product algebra of noncommutative torus by a finite cyclic group and their behav-
ior under the action of βˆ. The origin of such traces is easy to understand, let us
recall that in fact they come from twisted traces on the algebra of the noncommu-
tative torus itself.
Remark 3.5. Let A be an algebra and let σ denote an action of a finite cyclic
group ZN . If Φs is an σ-invariant and σs-twisted trace on A, 0 < s ≤ N :
Φs(σ(a)) = Φs(a), Φs(ab) = Φs(σ
s(b)a), ∀a, b ∈ A,
then Φ extends to a trace on the crossed product algebra A o ZN :
Φ˜s
(
N−1∑
k=0
ake
k
)
= Φs(aN−s), 0 < s ≤ N.
where e is the generator of ZN . The proof of the fact is a simple computation:
Φ˜s
((
N∑
k=0
ake
k
)(
N∑
j=0
bje
j
))
= Φ˜s
(
N∑
k,j=0
akσ
k(bj)e
k+j
)
=
∑
k+j=N−s
Φs
(
akσ
k(bj)
)
=
∑
k+j=N−s
Φs
(
σk+s(bj)ak
)
=
∑
k+j=N−s
Φs
(
bjσ
j(ak)
)
= Φ˜s
((
N∑
k=0
bje
j
)(
N∑
j=0
ake
k
))
.
In a series of papers Walters and Buck and Walters demonstrated the following
crucial theorem:
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Theorem 3.6. Let T2θ be the irrational rotation algebra. Then for G = ZN ,N =
2, 3, 4, 6 with the actions (on the generators V,W ) given in table (5) there exists
a family of unbounded traces on the algebra T2θ o G, which together with the
canonical trace τ on T2θ provide an injective morphism from the K0-group into
Cr(N), for some r(N).
The proofs and the exact form of these traces and their value on the generators
of K0-group are to be found in [14, 15, 4, 5]. We skip the presentation of details,
showing as an illustration an example of the easiest N = 2 case. Following [14,
page 592] we see that there are four unbounded traces on T 2θ oZ2: τjk, j, k = 0, 1,
which are defined as follows on the basis of T2θ o Z2:
τjk(V
ιW κpρ) = 4e−piiθικδρ1δ
ι¯
jδ
κ¯
k , ι, κ ∈ Z, ρ = 0, 1, (4)
where x¯ = x mod 2. The other cases (N = 3, 4, 6) can be treated similarly.
Note that the collection of traces provides no longer an injective map from K0
into Cr(N). However, if one adds the nontrivial cyclic two-cocycle then it is again
in injective morphism.
To have all necessary tools we only need to study the behavior of the traces
under the action of βˆ.
Lemma 3.7. If Φ˜s is a trace on C(T2θ) o ZN , which comes from a σs-twisted
trace, then under the action of Z by βˆ we have:
Φ˜s(βˆ(a)) = e
2piis
N Φ˜s(a), ∀a ∈ T2θ o ZN (5)
Proof. The above property follows directly from the form of the action βˆ (2).
Φ˜s
(
βˆ
(
N∑
k=0
ake
k
))
= Φ˜s
(
N∑
k=0
akλ¯
kek
)
= λ¯N−sΦs(aN−s) = e
2piis
N Φ˜s
(
N∑
k=0
ake
k
)
.
Observe, that, in particular, taking s = 0 we see that the usual trace τ is βˆ invari-
ant.
3.1.1 B2θ
In the case of the Z2 group action, the algebra (T2θ oα Z2) is one of the most
studied and we have at our disposal all the necessary results.
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Theorem 3.8 ([8], [14], [6]).
K0(T2θ/Z2) = Z6, K1(T2θ/Z2) = 0
and the generators of K0 group are:
[1], [e00], [e01], [e10], [e11], [M2],
where:
e00 =
1
2
(1+p), e01 =
1
2
(1+V p), e10 =
1
2
(1+Wp), e11 =
1
2
(1+eipiθVWp),
andM2 is a module, which (in the irrational case only) comes from the projection
pM2 of the form
1
2
eθ(1 + p) for a Z2-invariant Powers-Rieffel projection of trace
θ.
To compute the explicit form of the action of the automorphism β on the above
generators we use the the Chern-Connes map from K0. Using the usual trace and
the unbounded traces (which we wrote explicitly) one has [14]: where  is +1 for
generator τ τ00 τ01 τ10 τ11 C
[1] 1 0 0 0 0 0
M2 12θ 1 −  −1 1
[e01]
1
2 2 0 0 0 0
[e10]
1
2 0 2 0 0 0
[e01]
1
2 0 0 2 0 0
[e10]
1
2 0 0 0 2 0
Table 6: Value of traces on the generators of K0(C(T2θ) o Z2)
0 < θ < 1
2
and −1 for 1
2
< θ < 1. Here, C denotes the canonical nontrivial
cyclic two-cocycle over smooth sub algebra of C(T2θ) (which naturally extends to
its crossed product with Z2). The actual form of the cocycle is not relevant, what
matters is that its pairing with generators of K0 group is nonzero only forM (and
it has been chosen to be 1).
Proposition 3.9.
K0(B2θ) = Z2 ⊕ (Z2)2, K1(B2θ) = Z2.
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Proof. First, combining (3.7) and (6) with the theorem 3.6 we obtain that the
induced action βˆ∗ on the generators of K0 is as follows:
βˆ∗([e00]) = [1]− [e00], βˆ∗([e10]) = [1]− [e10],
βˆ∗([e01]) = [1]− [e01], βˆ∗([e11]) = [1]− [e11],
and
βˆ∗([M2]) = [M2]− ([e00]− [e11])−  ([e10]− [e01]) , βˆ∗[1] = [1].
Using the above results we obtain the Pimsner-Voiculescu exact sequence:
0 // 0 // K1(B2θ)

K0(B2θ)
OO
Z6oo Z6
id−βˆ∗
oo
where id− βˆ∗ has the form:
id− βˆ∗ =

0 −1 −1 −1 −1 0
0 2 0 0 0 1
0 0 2 0 0 
0 0 0 2 0 −
0 0 0 0 2 −1
0 0 0 0 0 0

Immediately we have:
ker (id− βˆ∗) = Z2, Im (id− βˆ∗) = Z4,
and basic algebra computations give us the result that the kernel of the map and
the quotient by its image, which are independent of the value of .
3.1.2 B3θ
Here we need to use a similar type of result as the one obtained for the Z2 action.
Theorem 3.10 ([4]). The K-theory groups and generators of T2θ o Z3 are:
K0(T2θ o Z3) = Z8, K1(T2θ o Z3) = 0,
11
with the generators of K0 group:
[1], [Q0(X)], [Q0(Y )], [Q0(p)], [Q1(X)], [Q1(Y )], [Q1(p)], [M3],
where:
Qj(x) =
1
3
(
1 + e
2piji
3 x+ e
4piji
3 x2
)
,
and
X = e
1
3
piiθV p, Y = e
2
3
piiθV 2p,
with p, being the generator of Z3 group, p3 = id. The generatorM3 corresponds
to an exotic module related to the nontrivial projective module over irrational
rotation algebra.
Lemma 3.11. The action of the group Z3 on the above generators of K-theory is
as follows:
βˆ∗([1]) = [1], βˆ∗([M3]) = [M3]−[Q0(p)]−[Q0(X)]−[Q0(Y )]+[1],
βˆ∗([Q1(x)]) = [Q0(x)], βˆ∗([Q0(x)]) = [1]− [Q0(x)]− [Q1(x)],
for any x = p,X, Y .
Proof. Since the action is nontrivial only on the generator p of the crossed product
algebra, all results concerning Qj(p), Qj(X), Qj(Y ) are immediate. The only
nontrivial part concernsM3. For this we again use the unbounded traces and the
injectivity of the associated Connes-Chern character. The values of the traces on
the generators of K0 group are tabulated in [4, Theorem 1.2] and from them we
read out the action of βˆ∗.
Proposition 3.12. The K-theory groups of B3θ are:
K0(B3θ) = Z2 ⊕ Z3, K1(B3θ) = Z2.
Proof. >From the Pimsner-Voiculescu exact sequence:
0 // 0 // K1(B3θ)

K0(B3θ)
OO
Z8oo Z8
id−βˆ∗
oo
12
taking into account Lemma 3.11 we see that the matrix giving the map id− βˆ∗ on
the basis of Z8 ([1], [Q1(p)], [Q0(p)], [Q1(X)], [Q0(X)], [Q1(Y )], [Q0(Y )], [M])
is:
id− βˆ∗ =

0 0 −1 0 −1 0 −1 −1
0 1 1 0 0 0 0 0
0 −1 2 0 0 0 0 1
0 0 0 1 1 0 0 0
0 0 0 −1 2 0 0 1
0 0 0 0 0 1 1 0
0 0 0 0 0 −1 2 1
0 0 0 0 0 0 0 0

3.1.3 B4θ
Let us begin with the following result:
Lemma 3.13 (Theorem 2.1 [16],[15]). The K-groups of T2θ o Z4 are
K0(T2θ o Z4) = Z9, K1(T2θ o Z4) = 0.
The generators are:
[1], [Q0(p)], [Q1(p)], [Q2(p)], [Q0(e
piiθ
2 V p)],
[Q1(e
piiθ
2 V p)], [Q2(e
piiθ
2 V p)], [Q0(V p
2)], [M4],
where
Qk(x) =
1
4
(1 + (ikx) + (ikx)2 + (ikx)3), k = 0, 1, 2,
and M4 is the nontrivial module arising from the nontrivial projective module
over the noncommutative torus.
Again, using an injective morphism coming from the Chern-Connes character
from K0(T2θ o Z4) to R5 × C2 (that does not come as a surprise as the action of
βˆ is in case of some of the unbounded traces multiplication by ±i) an the explicit
computation of the traces [15, page 640] we obtain the following result:
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Lemma 3.14. The action of the group Z on the above generators of K-theory is:
βˆ∗([1]) = [1], βˆ∗([Q0(V p2)]) = [1]− [Q0(V p2)],
βˆ∗([Q2(x)]) = [Q1(x)], βˆ∗([Q0(x)]) = [1]− [Q0(x)]− [Q1(x)]− [Q2(x)],
βˆ∗([Q1(x)]) = [Q0(x)], βˆ∗([M4]) = [M4]−[Q0(V p2)]−[Q0(p)]−[Q0(epiiθ2 V p)]+[1],
for any x = p, e
piiθ
2 V p.
Proposition 3.15. The K-theory groups of B4θ are:
K0(B4θ) = Z2 ⊕ Z2, K1(B4θ) = Z2,
Proof. >From the Pimsner-Voiculescu exact sequence:
0 // 0 // K1(B4θ)

K0(B4θ)
OO
Z9oo Z9
id−βˆ∗
oo
using (3.14) we see that the matrix giving id− βˆ∗ on the basis of K0(C(T 2θ )oZ4)
([1], [Q2(p)], [Q1(p)], [Q0(p)], [Q2(e
piiθ
2 V p)], [Q1(e
piiθ
2 V p)], [Q0(e
piiθ
2 V p)], [Q0(V p
2)], [M])
is:
id− βˆ∗ =

0 0 0 −1 0 0 −1 −1 −1
0 1 0 1 0 0 0 0 0
0 −1 1 1 0 0 0 0 0
0 0 −1 2 0 0 0 0 1
0 0 0 0 1 0 1 0 0
0 0 0 0 −1 1 1 0 0
0 0 0 0 0 −1 2 0 1
0 0 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0

3.1.4 B6θ
Similarly as in the case of cubic transform we use the results of hexic transform
[4, 5].
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Theorem 3.16 ([4], Theorem 1.1). TheK-theory groups and generators ofC(T 2θ ) o
Z6 are:
K0(T2θ o Z6) = Z10, K1(T2θ o Z6) = 0,
with the generators of K0 group:
[1], [M6], [Q0(epii3 V p2)], [Q2(epii3 V p2)], [Q0(V p3)], [Qn(p)], n = 0, 1, 2, 3, 4,
where:
Qn(x) =
1
6
5∑
k=0
e
2pinki
3 xk, n = 0, 1, 2, 3, 4.
and the generatorM6 is again the exotic one.
Lemma 3.17. The action of the group Z through βˆ∗ on the above generators of
K-theory is:
βˆ∗([1]) = [1], βˆ∗([Q0(V p3)]) = [1]− [Q0(V p3)],
βˆ∗([Qn+1(p)]) = [Qn(p)], n = 1, 2, 3, 4, βˆ∗([Q2(e
pii
3 V p2) = [Q0(e
pii
3 V p2)],
βˆ∗([Q0(p)) = [1]−
4∑
k=0
[Qk(p)],
β∗([M6]) = [M6]− [Q0(p)]− [Q0(epii3 V p2)]− [Q0(V p3)] + [1],
β∗([Q0(e
pii
3 V p2)]) = [1]− [Q0(epii3 V p2)]− [Q2(epii3 V p2)],
Proof. Again the action is immediate to read on the generators Qn(p), whereas
using the property of the twisted traces, their behavior under βˆ and the explicit
table giving giving the values of these traces on the generators [4, Theorem 1.1]
we obtain the relations above, in particular the highly nontrivial part concerns
[M6].
Proposition 3.18. The K-theory groups of B6θ are:
K0(B6θ) = Z2, K1(B6θ) = Z2.
Proof. >From the Pimsner-Voiculescu exact sequence:
0 // 0 // K1(B5θ)

K0(B5θ)
OO
Z10oo Z10
id−β∗
oo
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taking into account (3.17) we see that the matrix giving the map id−β∗ on the basis
ofK0(C(T2θ) o Z6 (in the following order) ([1], [Q4(p)], [Q3(p)], [Q2(p)], [Q1(p)],
[Q0(p)], [Q2(e
pii
3 V p2)], [Q0(e
pii
3 V p2)], [Q0(V p
3)], [M6]) is:
id− β∗ =

0 0 0 0 0 −1 0 −1 −1 −1
0 1 0 0 0 1 0 0 0 0
0 −1 1 0 0 1 0 0 0 0
0 0 −1 1 0 1 0 0 0 0
0 0 0 −1 1 1 0 0 0 0
0 0 0 0 −1 2 0 0 0 1
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 −1 2 0 1
0 0 0 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0

4 K-theory of classical Bieberbach manifolds
Although the computations we have presented were for the specific case of an ir-
rational value of θ the method works , slightly modified, for the rational case.. In
particular, the K-theory groups of C(T2θ) o Zn and their generators are indepen-
dent of θ remain unchanged (see [6]), which follows from the fact that these are
twisted group algebras and their K-theory groups depend on the homotopy class
of twisting cocycle, which in this case are, of course, trivial.
Clearly, the explicit form of the generator of the nontrivial module over C(T2θ)
very much depends on whether θ is rational. The crucial difference between the
rational and irrational case is that to have an injective morphism from the K0
group of C(T2θ) o ZN into Rr(N) one needs to use the nontrivial Chern-Connes
character (called second-order Chern character by Walters in [15]) coming from
the cyclic two-cocycle over T2θ.
For Z2 the original result of Walters [14] is for the value of θ ∈ R \ Q but it
is easy to see that the arguments are valid as well for rational θ. For Z4 the result
in [15] is valid for all θ ∈ R, and for Z3 the results are combined in the papers of
Buck and Walters [4] and [5], where, again, they are obtained for any value of θ,
rational or irrational.
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Since the nontrivial Chern-Connes character vanishes on all generators of K0
group apart from the nontrivial one (which is called a Bott class in [6] and Fourier
module by Walters in [15]). For our purpose, the crucial information is the behav-
ior of this character under the action of βˆ. We have:
Lemma 4.1. For any N = 2, 3, 4, 6, the Chern-Connes character induced by the
cyclic 2-cocycle over C(T2θ) is invariant under the action of βˆ.
The proof is trivial: since the action of β does not change C(T2θ) and the trace
on it as well as derivations are invariant, so must be the nontrivial Chern-Connes
character. Therefore, βˆ∗ of the nontrivial generator of K0 group (which we called
MN for N = 2, 3, 4, 6 must be a sum ofMN with a combination of remaining
generators, as is clearly the case in proof of proposition 3.9 and lemmas 3.11,
3.14, 3.17.
5 Conclusions
The Bieberbach manifolds as well as their noncommutative versions are quite in-
teresting objects and a good testing ground for tools of noncommutative geometry
[11]. The computations presented above are first results on their K-theory groups
and use techniques developed to study noncomutative tori and their crossed prod-
uct by the action of a cyclic group. Although a noncommutative torus is a Rieffel-
type deformation of the classical object, the noncommutative Bieberbachs are not.
Therefore, the result that their K-theory groups are the same in the deformed and
undeformed case is not trivial.
The result itself is not entirely surprising: theK0 groups have torsion, although
the exact form of the torsion component as well as the fact that n the Z6 case there
is no torsion cannot be seen at once. It is a remarkable fact that there exists a
striking relation between the K0 groups of the manifolds BN (N = 2, 3, 4, 6) and
the first homology groups of the corresponding infinite Bieberbach groupsGN [9],
(so that BN = R3/GN ), namely K0(BN) ∼ Z ⊕ H1(GN ,Z). This fact, as well
the remaining case of nonorientable manifolds, together with the study of spectral
geometries and spin structures over noncommutative Bieberbach manifolds shall
be discussed in our future work.
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